Abstract. If a nontorus knot K admits a symmetry which is not a strong inversion, then there exists no nontrivial cyclic surgery on K . No surgery on a symmetric knot can produce a fake lens space or a 3-manifold M with |tti (A/")| = 2. This generalizes the result of Culler-Gordon-Luecke-ShalenBleiler-Scharlemann and supports the conjecture that no nontrivial surgery on a nontrivial knot yields a 3-manifold M with |7Ei(M)| < 5 .
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Section 1 includes the statements of the main result and its corollaries; discussion of some examples and facts related to symmetry and cyclic surgery on knots; some terminology and theorems which are used in §2 (the proof of main result).
The known minimum positive integer p such that a lens space L(p, q) can be the result of a surgery on some nontrivial knot K (the (2, 3) torus knot) is 5. It is reasonable to make the following Conjecture. No nontrivial surgery on a nontrivial knot can yield a 3-manifold M with \nx(M)\ < 5.
This conjecture is related to the Property P Conjecture: No nontrivial surgery on a nontrivial knot can yield a 3-manifold M with |7ti(M)| = 1.
Gabai proved that the Property P Conjecture is true for satellite knots. S. Bleiler and M. Scharlemann proved that the Property P Conjecture is true for nontrivial strongly invertible knots. M. Culler, C. M. Gordon, and J. Luecke and P. Shalen proved that the Property P Conjecture is true for a nontrivial symmetric knot which is not strongly invertible. Hence it is reasonable first to prove the Conjecture above for satellite knots and symmetric knots.
In [W] , using the result of [Ga and CGLS] , it was proved that if a lens space (lens space can be replaced by 3-manifold with finite cyclic fundamental group) is obtained from a nontrivial surgery on a satellite knot, then the order of its fundamental group is not smaller than 23. So the conjecture is true for satellite knots. The main result of this paper is the following Theorem. If a nontorus knot K admits a symmetry which is not a strong inversion, then there exists no nontrivial cyclic surgery on K.
This Theorem generalizes the result of M. Culler-C. M. Gordon-J. Luecke-P. Shalen above and supports the conjecture for symmetric knots. Corollary 1. No surgery on a symmetric knot can produce a fake lens space.
Recently S. Bleiler and R. Litherland proved that if a nontrivial knot admits a strong inversion, then no surgery on K yields real projective 3-space RP*. Hence we have Corollary 2. No nontrivial surgery on a nontrivial symmetric knot can produce a 3-manifold M with nx(M) = Z2 .
Remark (1). The situation of torus knots was fully explored in the work of L.
Moser.
From the Theorem, one may think that a knot's having a symmetry works against its having a cyclic surgery. Such a conclusion is not quite right. Actually we have the Proposition. If a satellite knot admits a cyclic surgery, then it must be strongly invertible and has no other symmetries. Proof. In [W] , Wang observed that if a satellite knot K admits a cyclic surgery, then K is braid in a regular neighborhood of a torus knot. Later Wu, Bleiler, Litherland (see [Wu or BL] ) proved that K must actually be the (2pq ±1,2) cable of a (p, q) torus knot. But it is not hard to see that an (r, 2) cable of a torus knot is strongly invertible. On the other hand, our theorem says that there is no other symmetries. D
As an example, Figure 1 below shows the symmetry of the Bailey-Rolfsen knot, the (11, 2) cable of the (2, 3) torus knot, which was the first example of a nontorus knot admitting a cyclic surgery (see [BR] ).
By the Theorem above we thus have infinitely many examples of knots for which the only symmetry is a strong inversion.
The famous Fintushel-Stera knot [FS] admits a strong inversion (see Figure  2 ). Some surgeries on this knot yield the lens spaces L(18) and L(19) (see [FS] ). By Corollary 2 of [W] , the Fintushel-Stern knot is a hyperbolic knot. So we have an example of a hyperbolic knot for which the only symmetry is a strong inversion.
Remark (2). There is an obvious way to attach a band to the 2-bridge knot b(3, 1) or the 2-bridge link b(4, 1) to get the trivial knot (see Figure 3 ).
Figure 1
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Figure 2 One may ask the question: Is there any other way (up to isotopy of (/ x I,dl x I) -(S\K)) to attach a band to b(3, 1) or b(4, 1) to get the trivial knot?
If the answer is no, then following the argument of Bleiler and Litherland, one can prove that there is no surgery on a strong invertible knot yields L(3, q) or L(4, q) ; therefore the conjecture for symmetric knots would be proved.
Note A finite group action on K is a finite group action on S3 such that K is invariant under this action. If a knot admits a finite group action, we say this knot is a symmetric knot or this knot has a symmetry.
A knot K is amphicheiral if there is an orientation reversing homeomorphism of S3 under which K is invariant.
A strong inversion on K is a ^-rotation of S3 whose axis meets K in exactly two points and which leaves K invariant. A knot K admitting a strong inversion is a strongly invertible knot.
If a surgery on K produces a 3-manifold M with finite cyclic fundamental group, we call this surgery a cyclic surgery. If a closed 3-manifold has a finite cyclic fundamental group and is not a lens space, we call it a fake lens space. (The existence of fake lens spaces is unknown.)
is a solid torus. Let G be a finite group which acts on M. For any g £ G, Fix(g) is the fixed point set of g and Fix(C7) = \JgeG.iiáx Fix(g). We say that G acts freely on M, or the action G is free, if Fix(C7) = 0.
Let A/ be a compact, connected, irreducible, oriented 3-manifold with a torus boundary component T. A nontrivial isotopy class of simple closed curves on T is called a slope. In the case that M is a knot complement, we shall always assume that the slope m is not the meridian p . For any slope m on T, (M; m) is constructed by attaching a solid torus S to M so that the slope m bound a disk in S. For a knot complement E(K), (E(K) ; m) is simply denoted by (K; m).
If m and « are two slopes on T, we denote their (minimal) geometric intersection number by A(m; n).
The proof of the Theorem will invoke the following results.
Cyclic surgery theorem [CGLS] . Suppose that M is not a Seifert fibered space and dM = T. If nx(M; m) and nx(M; n) are cyclic, then A(m; n) < 1.
Theorem 2.4.4 [CGLS] . Let V be an incompressible torus in dM -T. If V is compressible in both (M; m) and (M; n), then either A(m; n) < 1 ; M is a cable space; or M is homeomorphic to T x I. [MY, MSY] . Suppose M is a compact, closed, orientable 3-manifold and no prime factor of M is S2 x Sx. If G is an orientation preserving finite cyclic group action on M, then there is a G-equivariant prime factorization of M.
[T] (see also [SCK and Z] ). Let M be an irreducible, closed 3-manifold which admits a finite cyclic group G action with dim(Fix(C7)) = 1. Then M has a geometric decomposition (in the sense of Thurston). Furthermore, if M is also atoroidal, then M is geometric and the action G is by isometries of this geometry.
[MB] We also need the Generalized Smith Conjecture and two corollaries of its proof:
Corollary 1. A prime fake ball does not admit a finite cyclic group action with I-dimensional fixed point set.
Corollary 2. If M is a finite cyclic branched cover of S3, then M contains no fake ball.
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An involution has 1-dimensional fixed point set if and only if it is an orientation preserving involution with fixed points.
Let us list the useful properties of orientation preserving involutions with fixed points on lens spaces L(p, q) (see [HR] ).
Let L(p, q) = U U V, where U, V are two solid tori. For our purpose, we describe involutions with 1-dimensional fixed point set on L(p, q) as the following three types.
Type (A). Both U and V are invariant under the involution, however the orientation of the core (center line) of each solid torus is reversed under the involution. The orbit space is S3.
Type (B). Both U and V are invariant under the involution, furthermore the orientation of the core of each solid torus is preserved under the involution. Any component of the fixed point set is the core of U or V. In particular, any component of the fixed point set is a standard circle in L(p, q).
Type (C). U and V are interchanged under the involution. The lens space L(p, q) admits this type involution only if q2 = 1 modp . The orbit space is
Two involutions on L(p, q) are strongly equivalent if they are conjugate by a diffeomorphism which is isotopic to the identity.
Remark. In [HR] , there are five types of involution (A), (B), (B'), (C), (O). Our type (B) (resp. (C)) is the union of the types (B) and (B') (resp. (C) and (C)) in [HR] . In our definition, two involutions of the same type are not necessarily strongly equivalent. [HR] . Every orientation preserving involution with fixed points on L(p, q) is strongly equivalent to an involution belonging to one of the three types above. An involution of type (C) is not of type (A) or (B) if and only if q ^ ±1 mod/?.
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In this section we give the proof of the Theorem and Corollary 1. The proof of the Theorem is contained in Propositions 1, 2 and 3 below. Proposition 1. If K is not a torus knot and K admits a cyclic group action G = {n | n" = id} such that Fix(G) ¿ 0, and n > 2, then nx((K; m)) # Zp for any p.
Proof. Suppose that (K ; m) = E(K)l)S has a finite cyclic fundamental group.
If n is orientation reversing, then K is amphicheiral. By [CGLS] , nx(K, m)
¿ZP-So we may assume that n is orientation preserving. Then n\dE(K) is orientation preserving and its order is larger than 2.
By [H] , for any periodic map h on torus T, there is a basis for HX(T) -Tti(T) with respect to which the matrix representation of A* is one of the following seven:
A map corresponding to one of the first two matrices is not orientation preserving because the determinants are -1. The map corresponding to the third one has fixed points, so does (n\dE(K))2 > and (n\dE(K))l = id. This will imply that n has order 2. The next three matrices have no eigenvectors. Since the longitude class must be invariant under n, n\dE(K) can not correspond any one of those three matrices. So r¡\aE^K) must be the last matrix. By the well-known fact, n\oE{K) is isotopic to the identity and G acts freely on dE(K).
Since G acts freely on dE(K), Fix(G) either lies in E°(K) or coincides with the core of N(K). Because K is a nontrivial knot, the Smith conjecture rules out the possibility that Fix(C7) is the core of N(K). Hence Fix(G), denote it by C, is a standard circle in S3, and lies in E(K).
Since r\\dE(K) is isotopic to the identity, the action G = {n\nn -id} on E(K) can also be extended to an action on (K ; m) = E(K) U S, which is denoted by Gi = {ni\n" = id} . The restriction of Gi on E(K) coincides with the restriction of G on E(K). If the action Gi is not fixed point free on S, then the fixed point set of Gi must be the core of S1. Hence there is n[ £ C?i such that its fixed point is the core of S.
Let us temporarily assume that E(K) U 5 is a lens space L(p). Proof. We first impose the two conditions Fix(g) ^ 0 and n ^ 4 on G.
By [T] , there is a spherical geometry on L(p) such that the action G is as a group of isometries. So every component C c Fix(G) is a geodesic.
Let q: S3 -► L(p) be the universal cover and E -{h\hp = id} be the deck transformation group. Pick a component C c q~x(C), then C c Fix(£) for some lift g of g. Now C is a great circle on S3 c R4 and g, h are orientation preserving orthogonal maps on R4 .
The fact that the great circle C c Fix(g) c Fix(£2) implies that under a suitable basis, g2 corresponds to a matrix (I 0 0 0 \ 0 10 0 1 0 0 cosa -sino I \0 0 sin a cosa / where 0 < a < 2n is some rotation angle on an invariant plane of g2. The fact that the order of g2 is not 2 (since the order of g is not 4) implies that the order of g2 is not 2; therefore the order of this matrix is not 2. So a is not 0 or 7i. From linear algebra, it is not hard to see that g2 has exactly two invariant planes Vi, V¿. We may assume that C = Vx n S3. We will show that Vi is invariant under 3, hence C and the solid torus S3 -N°(C) are invariant under 3. So S3 -N°(C), as the quotient of S3 -N°(C), is a solid torus and C is a standard circle in L(p, q).
By covering space theory, we have gh = h'g for some i, i.e. we have h1 = ghg~x. This means that h' is a generator of 3. Case (1). ß ^ y, or equivalent^/, the characteristic polynomial of Ä is not a perfect square. (Now the corresponding lens space is L(p ; q), q ^ 1.) Now again from linear algebra we know that h has exactly two invariant planes t/i and U2 and both of them are invariant under h' for any i. The fact that g h = h'g implies that g(Ux) is Ux or U2. Anyway we get g2(Ui) = t/,-for i = 1, 2. So Fi is Ui for some i = 1 or 2. In particular Vx is invariant under 3. Therefore C is invariant under 3.
Case (2). ß = y , or equivalently, the characteristic polynomial of h is a perfect square (the corresponding lens space is L(p; 1)). Now h has infinitely many invariant planes. The important fact is that the action of h on every invariant plane is a rotation by the same angle /?. From this fact and the fact that if U is an invariant plane of h , so is g-(C/), it is not hard to see one of the following is true: gh = hg, gh = h~xg.
In either case, we have g2h = hg2.
Now C c Fix(|2) implies h(C) c Fix(hg2h~x) = Fix(g2).
Both C and h(C) belong to Fix(£2). Since g2 ^ id, by well-known properties of orthogonal maps, we must have h(C) = C. Therefore C is invariant under 3. Now we first remove the condition n ^ 4. If n = 4, pick any component C c Fix(g) c Fix(g2). g2 is an orientation preserving involution with fixed points. By [HR] every orientation preserving involution with fixed points belongs to one of the three types (A), (B) or (C) defined above. For any involution of type (B), each component of the fixed point set is a standard circle. If C is not standard, then g2 belongs to the one of the type (A) or (C). However, in the mapping class group of L(p), neither of them is a power of any mapping class; therefore neither of them contains g2. This is a contradiction. So any component C of Fix(g) is a standard circle.
Finally, let us remove the condition Fix(g) ^ 0. If there is any C c Fix(G), then C c Fix(g') for some i .If C is not standard, by the fact we have proved, g' is of order 2. By the argument in the last paragraph, the only possibility is / = 1. So g is of order 2.
Lemma 1 is proved. D Now we show that E(K) U S -N°(C) is a homotopy solid torus without the assumption that E(K)U S is a lens space.
Let Lx = E(K)US. By [MY, MSY] , there is a G equivariant prime decomposition of Lx . Then we can replace all fake balls produced from the decompositon by standard balls to get a 3-manifold L2, and the action Gilz^.fake bails can be extended to an action G2 on L2. Since nx(L2) = nx(Li) = Zp and L2 contains no fake ball, L2 is irreducible. Since no fake ball hits C by [MB] , Fix((j2) = Fix(Gi) = C. Since the oriented irreducible closed 3-manifold L2 admits the group G2 action with 1-dimensional fixed point set, L2 has a geometric decomposition by [T] . Then L2 must support the geometry of S3 (see [S] ); therefore L2 is a lens space. By lemma I, L2-N°(C) is a solid torus. Since no fake ball hits C, we may assume that no fake ball hits N(C). Then Lx -N°(C) is a homotopy solid torus.
Let R = E(K) -N°(C). The restriction of the cyclic group G acts freely on R,and dN(C) and dE(K) are invariant under G.
Let M = R/G. Then M has two boundary components V = dN(C)/G and T = 3E(K)/G.
In the covering R -» M, the connectness of dE(K) implies that the linking number of C and K is not zero. So R is irreducible; therefore M is irreducible.
The images of the slopes m and p on dE(K) are two slopes m' and n' on T. (Since both m and p bound meridian discs.) Then
is a homotopy solid torus. Also we have
is a solid torus. Since C is unknotted and K is not a torus knot, R, and hence M is not a cable space or Txl. Now V is compressible in both (M; m!) and (M; «'), hence by [CGLS, 2.4 .4], A(m! ; n') < I.
There are n parallel circles in dE(K) as the preimage of m!. There are n parallel circles in dE(K) as the preimage of n'. Every intersection point between m! and n' creates n2 intersection points between these two sets of parallel circles. Remember that the degree of the covering map is n . So we have is not a homotopy solid torus. This will be used in the proof of the Proposition 3.
Proposition 2. If K is not a torus knot and K admits a free action of some nontrivial finite group G, then 7ti(K ; m) ^Zp for any integer p. Proof. We may suppose that G is a cyclic group Z" which is generated by n. Since the restriction of n on the boundary of E(K) is fixed point free and orientation preserving, as discussed in the proof of Proposition 1, we see that n\9E(K) is isotopic to the identity. So the restriction of the action G = {n\nn = id} on E(K) can be extended to an action Gi = {nx\r\1 = id} on (K;m) = E(K)öS.
Suppose (K; m) -E(K) U S has finite cyclic fundamental group. Let q: N3 -> E(K) U 5" be the universal covering, and 3 = {tIt^ = id} be the deck transformation group of this covering, here N3 is a homotopy 3-sphere. By the same argument in the proof of Proposition 1, we know that q~x(S) is a solid torus S which is invariant under the deck transformation group. Obviously the core of S is the preimage of the core of S under q . By the same reason used in the proof of Proposition 1, the Gx action is still free.
vV3 is the universal covering of (K; m)/Gi. The preimage of the solid torus S/Gi is S which is connected. Hence ni(S/Gi) -» nx((K; m)/Gi) is onto. Therefore 7ti((K; m)/Gi) is cyclic.
The coverings E(K) U S -[E(K) u S]/Gi and S3 -► S3/G coincide on E(K) -> E(K)/G = M, say. In E(K) US, the slope m, as the boundary of meridian disk of S, is homeomorphic to a slope m! on dM under the covering map and (K;m)/Gi = (M;m'). Similarly, (K;p)/G = S3/G = (M;n'). Here the slope n' on dM is the image of the slope p under the covering map.
Since K is not a torus knot, M is not a Seifert fibered space. Both (M ; n') and (M ; m!) have cyclic fundamental group. By the cyclic surgery theorem, we should have A(m' ; n') < 1. As discussed in the proof of Proposition 1, we have n2 A(m' ; «') = -A(m ; p) = nA(m ; p) > 1, which is a contradiction.
Proposition 2 is proved. D Proposition 3. If K is not a torus knot and K admits an involution r\ with l-dimensional fixed point set, which is not a strong inversion, then there is no cyclic surgery on K.
Proof. When p = 1, Proposition 3 is true by [CGLS] . We may assume that p>\. Suppose Tti(E(K)uS) = Zp for some p . The fact that the action n is not a strong inversion implies that Fix(f7)n9£'(Ä^) = 0 and n\dE(K) is isotopic to the identity. As in the proof of Proposition 1, the action G\E(k) can be extended to an involution nx on E(K) U S and the fixed point set of nx lies in E°(K).
We have S3 = S3/n = [E(K)/n] U [N(K)/n]. Since n acts freely on N(KJ_, N(K)/n is a solid torus. So E(K)/n = E(K)/nx is a knot complement E(K) for some knot K . Let S = S/nx . We have a double branched cover p : E(K) U S^[E(K)/nx]U [S/nx] = E(K)US. Let #: 53 -> 5,3/?7 be the quotient map. Let F be a Seifert surface for K, transverse to q(Fix(r¡)). Let F = q~x(F). Then dF = q~x(K) -K, and n(F) = F . Then nx(X) = X and X = p(A) is a longitude of #. Now the map p\x from X to X is two to one. Let D be a meridian disk of S. Since nx acts freely on S, p~x(D) is two disjoint meridian disks Dx and D2 of S. We have
Since //i is an orientation preserving free involution on dE(K) and nx(dDx) = dD2. We have A(/T ' (X) ; p~ ' (dD)) = 2A(A ; 9Z>) and A(X; dDx) + A(X; dD2) = 2A(A; dDx). So finally we get (*) A(X;dD) = A(X;dDx)
Let L = E(K)US, L = E(K)US, then from the assumption that nx(L) = Zp and (*), we have HX(L, Z) = HX(L,Z) = ZP. By [MY, MSY] , there is a Gequivariant prime decomposition of L. Replacing all fake balls produced from the decomposition by standard balls to get a 3-manifold L', and the involution 1\ I ¿-fake balls can be extended to an involution n' on I!. The facts that L' contains no fake ball and ni(L') = 7ti(Li) = Zp imply that L' is irreducible. Since no fake ball hits Fix^)
by [MB] , Fix^j) = Fix(n'). The oriented irreducible closed 3-manifold L' admits the involution n' with 1-dimensional fixed point set implies that L' has a geometric decomposition by [T] . Then L' must support geometry of S3 (see [S] ); therefore L' = L(p, q) for some q. Now let L = L'/n', then L and L are homotopy equivalent (since the former is obtained from the latter by trading homotopy 3-balls). So we get a double branched cover L(p, q) -> L with HX(L ) -Zp .
What type of involution does n' belong to ? Suppose that n' is an involution of type (C) and is not an involution of type (B) or (A). Then we have (1) q2 = 1 modp, (2) q ^ ±1 modp, and (3) the orbit space L is or L fp,q+l)' (P,q+l)j \(p,q-l)' (P, Q ~ K From the first homology of the L we know that = p p P (P,q + l) °r (P,q-l)'
This implies that (p, q -1 ) or (p, q + 1 ) is 1. Suppose (p, q -1 ) = 1. By condition (1), we have (q + l)(q -1) = q2 -1 = mp , for some integer m , and
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use therefore (p, q-1 ) = 1 implies that p is a divisor of q+l, i.e. q = -1 modp . Similarly, if (p, q + 1) = 1, we have q = 1 modp. Hence condition (2) is not satisfied contradicting our assumption. Suppose that n' is an involution of type (B); then the complement of the fixed point set of n' in L' is a solid torus. From the relation between Lx and L', it follows that the complement of the fixed point set of nx in Lx is a homotopy solid torus. The argument in the proof of Proposition 1 rules out this possibility. (See the remark after the proof of Proposition 1.) Suppose that n' is an involution of type (A); then we have a double branched cover L(p, q) -► S3 = L . This implies that p -1, contradicting our assumption that p > 1.
